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Abstract
The reaction ensemble and the constant pH method are well-known
chemical equilibrium approaches to simulate protonation and deproto-
nation reactions in classical molecular dynamics and Monte Carlo simu-
lations. In this article, we show similarity between both methods under
certain conditions. We perform molecular dynamics simulations of a weak
polyelectrolyte in order to compare the titration curves obtained by both
approaches. Our findings reveal a good agreement between the methods
when the reaction ensemble is used to sweep the reaction constant. Pro-
nounced differences between the reaction ensemble and the constant pH
method can be observed for stronger acids and bases in terms of adaptive
pH values. These deviations are due to the presence of explicit protons
in the reaction ensemble method which induce a screening of electrostatic
interactions between the charged titrable groups of the polyelectrolyte.
The outcomes of our simulation hint to a better applicability of the re-
action ensemble method for systems in confined geometries and titrable
groups in polyelectrolytes with different pKa values.
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1 Introduction
Weak polyelectrolytes, like polyacrylic acid or most proteins [1] have titra-
ble groups which can be either in a protonated or a deprotonated state de-
pending on the pH value of the solution [2]. The influence of the pH value
gives rise to phenomena like protonation-configuration [3, 4], or charge
regulation effects [5, 6] as they are known for weak polyelectrolytes like
proteins. A protonation/deprotonation reaction of a titrable group in a
weak polyelectrolyte can be written as
HA −−⇀↽− A
– +H+
where HA denotes the protonated form of the titrable group, A− the
deprotonated form and H+ the dissociated proton. The presence of water
as a proton acceptor or proton donor is omitted for the sake of simplicity.
Depending on the pH value defined by pH = − log10(c(H
+)/(mol/L)), the
degree of association can be calculated via
n¯ =
NHA
N0
(1)
with the number of associated titrable groups NHA divided by the total
number of titrable groups N0 = NHA + NA− , where NA− denotes the
number of deprotonated units [7, 8]. The equilibrium concentration of
each species is steered by an apparent reaction constant in accordance to
the law of mass action
Ka =
c(A−)c(H+)
c(HA)
(2)
where c(·) denotes the concentration of the individual species [9]. More
conveniently, the logarithmic reaction constant is defined by pKa = − log10(Ka/(mol/L)),
where typical values for pKa vary between pKa = 2− 10 for common weak
polyelectrolytes [10].
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The simulation of weak polyelectrolytes in classical molecular dynamics
(MD) or Monte Carlo (MC) simulations is a challenging task. Over the
last decades, the constant pH and the reaction ensemble method were
the most frequently used algorithms to perform these simulations. The
constant pH method [11] implements a constant and global pH value as
an input parameter which balances the probability of protonation and de-
protonation reactions. The method was originally developed to simulate
linear polyelectrolytes in presence and absence of excess salt and counte-
rions [11, 12, 13, 14] and reveals a good agreement with analytical results
[15]. More effort was additionally spent on the study of different solvent
conditions and their influence on polyelectrolyte conformations [16, 17]
and the properties of polyampholytes [18, 5]. Moreover, the constant pH
method can also be employed in slightly modified versions [19] in order to
analyze shifts in the apparent reaction constant for proteins.
A different approach was introduced by the reaction ensemble (RE) method
which also provides the possibility to model arbitrary chemical reactions in
classical simulations [20, 21, 22]. The reaction ensemble method was used
to study chemical and phase equilibria in different systems and to investi-
gate the influence of high pressure and high temperature on chemical reac-
tions [20]. Furthermore, it can be applied for acidic molecules in confined
geometries, for the study of interface effects [20] and for the simulation of
acid-base reactions in weak polyelectrolyte systems [23, 24, 25, 26]. In con-
trast to the constant pH method, the reaction ensemble method considers
an adaptive pH value which significantly differs from the global interpre-
tation of the predefined implicit pH value in the constant pH method.
In this article, we elucidate the main properties of the constant pH and
the reaction ensemble method. Moreover, we also demonstrate similarity
between the reaction ensemble method and the constant pH method un-
der certain conditions. Furthermore, a new interpretation of the reaction
ensemble method is proposed in order to reproduce a real titration exper-
iment. Our MD simulations verify that the explicit presence of protons in
the reaction ensemble method induces electrostatic screening effects be-
tween the charged titrable groups of a polyelectrolyte in contrast to the
constant pH simulations. Hence, differences in the results obtained by
both methods can be assigned to the different implementations of prede-
fined and adaptive pH values.
The article is organized as follows. In the next section, we discuss the
main properties of the reaction ensemble and the constant pH method.
Furthermore, we present a novel interpretation of the reaction ensemble
method which is useful for the study of titration curves. In section 3,
we show similarity between the constant pH and the reaction ensemble
method under certain conditions. After the presentation of the numerical
details in section 4, we compare the titration curves obtained by both
methods for weak polyelectrolytes in coarse-grained MD simulations. We
briefly conclude and summarize in the last section.
3
2 Properties of the constant pH and the
reaction ensemble method
The reaction ensemble and the constant pH method rely on Monte Carlo
techniques and can be implemented in terms of the Metropolis-Hastings
algorithm [27, 28]. The Metropolis-Hastings algorithm is an importance
sampling technique which fosters the population of states with a certain
probability, for example the canonical probability pi = exp(−βEi)/Z with
the energy of a state i, the inverse thermal energy β = 1/kBT with the
Boltzmann constant kB , the temperature T and the canonical partition
sum Z. A detailed balance condition between two states r and l is defined
by
p(r)t(l|r) = p(l)t(r|l), (3)
with the probability p and the associated transition probability t between
the two states. The transition probability itself can be calculated by the
definition of a proposal probability g and an acceptance probability acc
according to
t(r|l) = g(r|l)acc(r|l) (4)
which can be inserted into Eqn. (3) to yield
acc(l|r)
acc(r|l)
=
p(l)g(r|l)
p(r)g(l|r)
. (5)
A standard choice [28] for the acceptance probability acc(l|r) reads
acc(l|r) = min
(
1,
p(l)g(r|l)
p(r)g(l|r)
)
, (6)
which fulfills the requirements of the detailed balance condition (Eqn. (3)).
In the original Metropolis algorithm [29], the proposal probability is sym-
metric (g(l|r) = g(r|l)) and therefore the acceptance probability simplifies
to
acc(l|r) = min
(
1,
p(l)
p(r)
)
(7)
for arbitrary choices of g. Specific expressions of g are mostly intended to
achieve an efficient and effective sampling of the phase space.
2.1 The reaction ensemble method
In presence of chemical equilibrium, the reaction ensemble method pro-
poses changes in the particle numbers of the reacting species by forward
(deprotonation) and backward (protonation) reactions [21, 20, 22]. As
outlined by Turner et al. [20], the definition of the reaction ensemble with
fluctuating particle numbers can be derived from the grand canonical en-
semble via the separation of the kinetic and the configurational canonical
partition sum.
In general, a chemical reaction can be written as
z∑
i=1
νisi = 0 (8)
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for z chemical species of type si with stoichiometric coefficients νi [9]. The
acceptance probability in the reaction ensemble for an arbitrary forward
reaction from state r to l is defined as
accRE(l|r) = min
{
1, (βP 0V )νξKξ
z∏
i=1
[
N0i !
(N0i + ξνi)!
]
exp(−β∆Epot)
}
,
(9)
where Ni is the number of particles after a reaction, N
0
i the number of
particles prior to a reaction and ξ the “extent” of the reaction which is
selected randomly with ξ ± 1 [20]. A deprotonation (forward) reaction
is defined by ξ = +1 and a protonation (backward) reaction by ξ = −1.
Additional parameters are the dimensionless reaction constant K for each
titrable group, which is proportional to the apparent reaction constant in
Eqn. (2), the standard pressure P 0, the potential energy difference with
∆Epot = Epot,r−Epot,l, the volume of the system V and the total change
in the number of particles ν =
∑
i νi. The corresponding protonation and
deprotonation reactions are usually performed after a predefined number
of MD simulation steps with constant particle numbers [20].
2.2 Operation modes of the reaction ensemble
method
Two different options on how to apply the reaction ensemble method can
be defined. We coin the first operation mode “sweeping the reaction con-
stant” and our proposed second operation mode “real titration”.
The “sweeping” operation mode, which was for example applied in Refs. [23,
24, 25, 26] considers multiple independent simulation runs in which the
individual titrable units are characterized by various dimensionless input
reaction constantsK = Ka/(βP0)
ν [26]. This definition has a direct chem-
ical interpretation: in each independent simulation, titrable units with a
fixed and arbitrary reaction constant K are inserted into initially neutral
water solution. After equilibration of the reaction ensemble, a certain pH
value in the simulation box is adjusted, which typically deviates from the
neutral pH value. The corresponding pH value can be regarded as the
equilibrium pH value for the given choice of the reaction constant K and
the given surrounding. In the following, we denote this pH value as the
“eigen pH value”. By choosing various values of K, the resulting degrees
of association as well as the corresponding (eigen) pH values can be ob-
tained and therefore also the titration curves as a function of the pKa-pH
value.
As a second operation mode, we propose to directly imitate a “titration”
experiment [9]. In a real titration experiment, a certain substance is
titrated by injecting a strong acid or a strong base into the system. It
is important to note, that the pH value changes in contrast to the reac-
tion constant, which is a fixed substance property. Therefore, in the real
titration mode that we propose, we fix the intrinsic reaction constant and
add certain amounts of a strong acid (e. g. HCl with species H+ and
Cl– ) or a strong base (e. g. NaOH with species Na+ and OH– ) to the
system. Due to their chemical properties [9], strong acids and bases re-
veal a very high dissociation constant and therefore remain dissociated
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even at extremely high or low pH values, respectively. Moreover, also
the autoprotolysis reaction of water 2H2O −−⇀↽− H3O
+ + OH– with an
apparent reaction constant of Kw = 10
−14mol2/L2 is explicitly taken into
account. Therefore, the protons and hydroxide ions can react to neutral
water molecules which are neglected in our implicit solvent approach. It
has to be noticed that hydroxide ions and protons differ from ordinary
counterions (Na+ and Cl– ) only due to their properties in our algorithm,
which enables them to participate in chemical reactions (autoprotolysis
and deprotonation/protonation reactions of the polyelectrolyte), whereas
all other properties are identical.
In order to approach higher or lower pH values than the eigen pH value of
the weak acid, a strong base or a strong acid, respectively, are injected into
the system. Based on the autoprotolysis reaction of water, the concentra-
tion of the deprotonated or protonated titrable units of the weak polyacid
directly adapts to the concentration of the excess H+ or OH− species in
the solution. In fact, this operational mode resembles an experimental
titration procedure due to the explicit presence of protons or hydroxide
ions and cannot be imitated by the constant pH method without further
effort.
2.3 The constant pH method
In the constant pH method, the protonation or deprotonation probability
for a titrable group is determined after two steps. First, a random titrable
group is chosen. If it is of type A− or HA, the group or particle, respec-
tively and the corresponding properties are exchanged. Thus, dissociated
protons are randomly placed in the simulation box and charge neutrality
is fulfilled. The trial move is accepted with a probability
acc(l|r) = min
(
1, exp
[
−β
(
∆Epot +
(
± (ln(10)/β) (pHin − pKa)
))])
(10)
where ∆Epot is the potential energy change due to the exchange of chem-
ical species, pHin is an input parameter which determines the implicit pH
value of the solution and pKa is the negative common logarithm of the
apparent reaction constant, which is also a simulation parameter with a
predefined value. The expression ±(1/β) (pHin − pKa) can be interpreted
as a change of the chemical potential [11]. A negative prefactor defines
a deprotonation reaction (diss) and a positive prefactor, vice versa as-
signs a protonation reaction (ass). Moreover, it has to be noted that the
proposal probability for a protonation or deprotonation reaction in the
constant pH method is asymmetric [11, 30, 31, 15, 16, 17, 14, 18]. This
can be shown by comparing the proposal probability for a deprotonation
reaction which reads g(diss|ass) = NHA/N0, with the proposal probability
for a protonation reaction defined as g(ass|diss) = NA−/N0, which implies
g(ass|diss) 6= g(diss|ass).
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3 The constant pH method with a sym-
metric proposal probability
As we have discussed above, the constant pH method relies on asym-
metric proposal probabilities. In order to show similarity between the
constant pH and the reaction ensemble method under certain conditions,
we develop an expression for the constant pH method with a symmet-
ric proposal probability which is then compared to the reaction ensemble
method. Noteworthy, the acceptance probability can be evaluated by the
original Metropolis algorithm [29] with symmetric proposal probabilities
per definition. In order to follow this approach, we use an expression for
the partition sum of the constant pH ensemble which was proposed in
Ref. [11] and reads
ZpH =
∑
n¯
(
N0
(1− n¯)N0
)
xN0(1−n¯)
∑
i(n¯)
exp(−βEpot,i), (11)
as a sum over all degrees of association and over all corresponding con-
figurational microstates i of the system. The individual probability for a
microstate with a certain degree of association reads
p(n¯, Epot, i) =
(
N0
(1− n¯)N0
)
xN0(1−n¯) exp(−βEpot,i) (12)
with x = 10pHin−pKa and predefined and fixed values for pHin and pKa.
A deprotonation step for a single titrable group can be expressed by a
change of the degree of association ∆n¯ in order to describe the transition
from (n¯, Epot,ass) to (n¯−∆n¯, Epot,diss). Thus, the Metropolis acceptance
probability [29] for this Monte Carlo move reads
˜acc(diss|ass) = min
(
1,
p(n¯−∆n¯, Epot,diss)
p(n¯, Epot,ass)
)
(13)
which yields
˜acc(diss|ass) = min
(
1,
(
N0
(1−n¯+∆n¯)N0
)
(
N0
(1−n¯)N0
) xN0∆n¯ exp(−β∆Epot)
)
(14)
after inserting Eqn. (12) into Eqn. (13). The equation above can be re-
formulated for a single deprotonation step in order to read
˜acc(diss|ass) = min
(
1,
(
N0
(1−n¯+1/N0)N0
)
(
N0
(1−n¯)N0
) x exp(−β∆Epot)
)
(15)
with ∆n¯ = 1/N0. By using the relation(
N0
(1−n¯+1/N0)N0
)
(
N0
(1−n¯)N0
) = N0n¯
N0(1− n¯) + 1
N0→∞∼
N0n¯
N0(1− n¯)
=
NHA
NA−
(16)
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in the thermodynamic limit for an infinite number of titrable groups N0,
we finally obtain a simple expression for the acceptance probability in the
constant pH method with a symmetric proposal probability according to
˜acc(diss|ass) = min
(
1,
NHA
NA−
10pHin−pKa exp(−β∆Epot)
)
(17)
which can be also derived for a protonation reaction. One has to notice
that the so derived acceptance probability ˜acc in Eqn. (17) differs from
the standard acceptance probability in Eqn. (10) with regard to the pref-
actor NHA/NA− which accounts for the usage of a symmetric proposal
probability.
3.1 Similarity between the reaction ensemble and
the constant pH method under certain conditions
As it was discussed in the introduction, one can either use the reaction
ensemble or the constant pH method for the simulation of weak polyelec-
trolytes. In this section, we demonstrate similarity between the constant
pH method and the reaction ensemble method in the sweeping mode, as it
was introduced in section 2.2 under certain conditions. In terms of disso-
ciation reactions, the reaction ensemble yields the acceptance probability
accRE(diss|ass) = min
(
1, Ka
NHA
NA− c
∗(H+)
exp(−β∆Epot)
)
(18)
which is a simplified version of Eqn. (9) with the apparent reaction con-
stantKa = KβP
0 and the currently present proton concentration c∗(H+) =
NH+/V in the simulation box. A comparison between the acceptance
probability ˜acc in Eqn. (17) for the constant pH method with a sym-
metric proposal probability and Eqn. (18) yields that both acceptance
probabilities are equal if the following relation hold
Ka
NHA
NA− c
∗(H+)
= Ka
NHA
NA− c(H
+
in)
(19)
with 10pHin−pKa = Ka/c(H
+
in) that can be also expressed by
pKa − pH
∗ = pKa − pHin (20)
with the implicit and predefined pHin value as used in the constant pH
method denoted by pHin = − log10(c(H
+
in)/(mol/L)) including the virtual
proton concentration c(H+in) and pH
∗ = − log10(c
∗(H+)/(mol/L)) the cur-
rent pH in the simulation box. Eqn. (20) is valid for the sweeping opera-
tional mode in the reaction ensemble method and for pH∗ = pHin. If these
requirements are fulfilled, the reaction ensemble method and the reformu-
lated constant pH method reveal equal acceptance probabilities. Since
the current pH∗ in the reaction ensemble simulation fluctuates around
the pH := − log10(〈c(H
+)〉) in the reaction ensemble the average parti-
cle number in the constant pH method and the reaction ensemble in the
sweeping mode are the same if pH = pHin. However the variance of the
particle number is typically different in both methods.
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At this point, it is important to note that the pH value in the reaction
ensemble method (pH) is measured via the actual proton concentration
whereas the pH value in the constant pH method (pHin) represents a
constant input parameter. Hence, a change of the box volume V in the
reaction ensemble method induces a variation of the measured pH value
in contrast to the constant pH method where the pH is a fixed number.
It thus follows, that the reaction ensemble method allows the study of
concentration dependent effects in terms of the law of dilution, which en-
forces a more pronounced deprotonation behavior for lower concentrations
of titrable groups [9]. In fact, the constant pH method can be interpreted
as a coupling scheme to an implicit proton bath of infinite dimensions
which fixes the pH value of the solution. In contrast to the reaction en-
semble method in the real titration mode, the absence of all free protons in
the constant pH method reduces a screening of electrostatic interactions
between the charged titrable groups. Thus, the resulting deprotonation
behavior differs between the methods which can be recognized by differ-
ences in the titration curves as it will be discussed in the next sections.
4 Simulation details
We study the properties of weak polyelectrolytes in terms of a coarse-
grained bead-spring model with N0 = 50 beads. All titrable groups
(beads) repel each other by a truncated and shifted Lennard-Jones po-
tential [32] with amplitude ǫ = 1kBT and range 1σ yielding a cutoff
radius rc = 2
1/6σ. Electrostatic interactions were calculated by the P3M
method [33] with a Bjerrum length λB = e
2/4πε0εrkBT = 2σ including
the dielectric constant ǫr and the elementary charge e. In comparison to
an aqueous solution at room temperature yielding λB = 0.71 nm, we thus
identify σ = 0.355 nm. The cubic simulation box with periodic boundary
conditions in all three dimensions has a box length of b = 56.3124σ with a
monomer or titrable group concentration of c0 = 0.00028σ
−3 and a poly-
mer concentration of cp = 5.6 · 10
−6σ−3. With the Avogadro constant
NA = 6.022 · 10
23 mol−1 and σ = 0.355 nm, these values correspond to
concentrations of c0 ≈ 0.01 mol/L and cp ≈ 2·10
−3 mol/L. Bonds between
adjacent beads of the polyelectrolyte are modeled by a FENE potential
[34] according to
UFENE(r) = −
1
2
kr2max log
(
1−
(
r − r0
rmax
)2)
(21)
with the spring constant k = 10ǫ/σ2, the maximum elongation rmax =
1.5σ and an equilibrium length r0 = 2
1/6σ ≈ 1.12σ. We perform Langevin
Dynamics simulations according to
mi~¨ri = −ζ~˙ri + ~Ri + ~Fi (22)
with the mass mi = 1m for each particle, the conservative force ~Fi, the
friction force −γ~˙ri and the random force ~Ri. The random force acts on
each particle independently and obeys the fluctuation-dissipation theorem
〈Rik〉 = 0 and 〈Rik(t)Rjl(t
′)〉 = 2γkBTδijδklδ(t − t
′) which ensures the
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presence of Gaussian white noise for particles i and j in the spatial di-
rections k and l. The friction coefficient has a value of γ = 1σ−1(mǫ)1/2.
The temperature is T = 1ǫ/kB and the Langevin equation is integrated
by a Velocity Verlet algorithm with a time step of δt = 0.01σ(m/ǫ)1/2.
The apparent reaction constant Ka = KβP
0 in the reaction ensemble
depends on the standard pressure P 0 = 1 bar = 0.00108ǫ/σ3 and on
β = 1ǫ−1. For the constant pH method, we varied the values for pKa − pH
between -4 and 2. In the sweeping mode of the reaction ensemble, we
choose dimensionless reaction constants K between the values -8 and 2
in logarithmically equidistant intervals. In contrast, we consider values
of pKa = 0.49 and pKa = 3 in the real titration mode and vary the
number of negatively and positively charged excess protons or hydroxide
ions at specific pH values. Moreover, we also take the autoprotolysis of
water into account by adding the apparent autoprotolysis reaction con-
stant Kw = 10
−14mol2/L2 = 10−14 · (0.02694/σ3)2 [9]. All simulations
are performed with the software package ESPResSo [35, 36].
5 Numerical Results
In Fig. 1, we compare the titration curves between the constant pH and
the reaction ensemble method in the sweeping mode for a flexible weak
polyelectrolyte with Bjerrum length λB = 2σ. As it was discussed in
Sec. 3.1, a nearly perfect agreement between the results for the reaction
ensemble and the constant pH method can be observed. Moreover, strong
deviations to an ideal titration curve with ∆Epot = 0 can be seen.
The results of the reaction ensemble method in the real titration mode and
the constant pH method for different pKa values are presented in Fig. 2.
Depending on the intrinsic pKa value of the titrable units and the pH value
of the solution, the titration curves of the reaction ensemble deviate signif-
icantly from those obtained by the constant pH method. As an example,
for a moderately strong acid with pKa = 0.49, one can observe pronounced
differences between both curves at pKa − pH ≥ −1.67 corresponding to
low pH values. The differences to the constant pH method can be mainly
attributed to the additionally occurring electrostatic screening effects in
the real titration mode. In order to achieve higher association degrees
n¯ and lower pH values, a strong acid is injected into the system whose
chemical species H+ and Cl– induce a screening of electrostatic interac-
tions between the deprotonated titrable groups [37]. The corresponding
points of eigen pH values for the given choice of the reaction constant, as
introduced in section 2.2, are denoted by orange stars in Fig. 2. Hence,
for very low pH values and high concentrations of the excess strong acid,
the charges of the titrable units are screened such that the polyelectrolyte
becomes more and more ideal for decreasing pH values. Furthermore, it
can be observed that for polyelectrolytes with pKa ≤ 2, the degrees of
association for pKa − pH ≥ 0.25 are significantly smaller compared with
the ideal titration curve. We can attribute this finding to the explicit
presence of charged species in the solution. It was experimentally found
and in depth discussed in Refs. [38, 23] that the presence of ions, like in
a salty solution favors a stronger dissociation of polyelectrolytes. Thus,
10
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Figure 1: Titration curve for a flexible polyelectrolyte with Bjerrum length
λB = 2σ as simulated by the constant pH method and the reaction ensemble
method in the sweeping mode. The black solid line corresponds to an ideal
titration curve without conservative interactions between the charged groups
and particles in the system.
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Figure 2: Titration curves for flexible weak polyelectrolytes with different pKa
values and a Bjerrum length λB = 2σ as obtained by the constant pH method
and the reaction ensemble method in the real titration mode. The orange stars
denote the pKa − pH values where a strong acid was injected in order to reach
lower pH values according to the point of the eigen pH value. The black solid
line represents an ideal titration curve without conservative interactions. The
dashed black line represents the results of a modified constant pH method for
pKa = 2 in order to study electrostatic screening effects. More information can
be found in the main text.
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the charged species stemming from the injected strong acid resemble a
salty solution such that lower degrees of association at specific pH values
in comparison to ideal titration curves can be observed.
In order to verify the presence of electrostatic screening effects, we stud-
ied a polyelectrolyte with pKa = 2 in presence of explicit salt ions and
by using the constant pH method (gray triangles in Fig. 2). More specif-
ically, we calculated the Debye Hu¨ckel length λD =
√
1/(4πλB
∑
i ciz
2
i )
[37] where ci is the concentration of charged species with valency zi in the
reaction ensemble in the real titration mode at distinct pH values (yellow
squares) and added the corresponding concentrations of chemically inert
salt anions and cations to the constant pH simulations. The coincidence
between the curves verifies our assumption that electrostatic screening ef-
fects are mainly responsible for the differences between the constant pH
and the reaction ensemble method.
Moreover, due to the increasing number of protons from the injected
strong acid at pH values lower than the point of the eigen pH value, a
significant decrease of the electrostatic Debye-Hu¨ckel screening length can
be observed at the right side of Fig. 3. For low pH values, the results for
the constant pH method indicate that the Debye-Hu¨ckel length diverges
in comparison to the reaction ensemble method in the real titration mode,
which can be attributed to the above discussed absence of explicit excess
free protons in the constant pH method. Moreover, after a comparison
between Fig. 2 and Fig. 3, one can observe that most pronounced differ-
ences between the methods are evident for λD ≤ 10σ which is in the order
of the polyelectrolyte size. Vice versa, in order to simulate higher pH val-
ues, a strong base is added to the system whose hydroxide ions annihilate
with the free protons of the weak polyelectrolyte in terms of autoprotol-
ysis reactions (left side of Fig. 3). Thus, the Debye-Hu¨ckel lengths and
the titration curves are identical in the constant pH and the reaction en-
semble method for high pH values until the point of the eigen pH value
is reached. The Debye-Hu¨ckel length also decreases for higher pH values,
due to a significantly more pronounced dissociation of the weak acid are-
sulting in a high amount of free charged species. Due to these reasons,
we conclude that electrostatic screening effect impose a significant influ-
ence on weak polyelectrolytes which complicates the applicability of the
constant pH method at low pH values. However for weak polyelectrolytes
which have a high enough pKa value (e.g. pKa = 3), the difference be-
tween the constant pH titration curve and the reaction ensemble titration
curve in the real titration mode practically vanish (see Fig. 2).
In summary, pH dependent screening effects are not adequately repro-
duced by the standard constant pH method or the reaction ensemble in
the sweeping mode due to the fact that both approaches consider the pH
value implicitly. Nevertheless, it can be assumed that the explicit treat-
ment of pH dependent screening effects might be relevant for proteins,
based on the findings that the individual amino acids strongly differ in
their deprotonation/protonation properties [2].
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Figure 3: Electrostatic Debye-Hu¨ckel screening lengths for flexible weak poly-
electrolytes with different pKa values and a Bjerrum length λB = 2σ as obtained
by the reaction ensemble method in the real titration mode shown in Fig. 2. and
the constant pH method.
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6 Summary and conclusion
In this article, we demonstrated the similarity between the reaction en-
semble method in the sweeping mode and the constant pH method under
certain conditions. Both methods can be used to study the dissociation
properties of titrable groups in weak polyelectrolytes. Noteworthy, the im-
plicit interpretation of the pH value in the constant pH method inhibits
electrostatic screening effects due to the absence of all explicit free pro-
tons according to the pH value of the solution around the charged groups
of the polyelectrolyte. This finding points at certain complications of the
constant pH method. It is evident that these effects are mostly important
at extremely high or low pH values. In fact, for moderate pH values, the
constant pH and the reaction ensemble method reveal comparable results.
Moreover, we proposed a new operational mode for the reaction ensem-
ble method, which can be used to study the behavior of polyelectrolytes
according to real titration procedures. Based on our findings, we con-
clude that the usage of the reaction ensemble method in the real titration
mode is specifically preferred for polyelectrolytes with different functional
groups, under confinement and for the simulation of acids and bases with
moderate pKa values.
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